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Introduction

DURING landing and takeoff, the aerodynamic
characteristics of a wing are influenced by the proximity

to the ground. Some of the early attempts at predicting
ground effect are outlined in Wetmore and Turner.1 For in-
compressible inviscid flow, a lifting-surface solution is given
by Saunders2 and a vortex-lattice solution by Kalman, Rod-
den, and Giesing.3 Currently, numerical solutions can be ob-
tained with the use of panel methods, and the capability
exists to compute the location of the trailing vortex sheet.

It is the purpose of this Note to present a lifting-line solu-
tion to the problem that is easier to obtain than the
numerical solutions referred to above but that provides for
reasonable accuracy for the larger-aspect-ratio cases. Also,
the effect of thickness on lift will be considered in both the
lifting-line and vortex-lattice formulations.

Method of Solution
Consider the steady, inviscid incompressible flow of a

uniform stream of speed V^ at angle of attack a past a thin
rectangular wing of span b and chord c (aspect ratio
A = b/c), whose quarter-chord line is at a distance h above
the ground, y represents the distance along the lifting line
from midspan, and x is in the stream direction. The wing
surface is

Z= -otx±ef(x,y) (1)

where e is the thickness ratio.
Consider the two-dimensional aerodynamics (including

ground effect) at a typical span wise station. For small a and
e, the sectional lift coefficient can be written as

(2)

where F is the circulation. For large values of h/c, the thin-
airfoil solution of Plotkin and Kennell4 can be used for the
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aerodynamic coefficients.
result is

The angle-of-attack (flat-plate)

For a Joukowski-like airfoil with thickness function

2c / '2x>

we get

ff,=-IT -H + <H-H (4)

For a large-aspect-ratio wing, the lifting-line equation is
(see Karamcheti5)

where a0 and ae are given in Eqs. (3) and (4). In the absence
of the ground plane, the lifting solution is modeled by the
lifting line and its trailing vortex sheet, and the thickness
solution is modeled by a distribution of sources on the wing
midplane of strength efx(x,y) per area. The induced angle of
attack oij for the present problem is due to the trailing vortex
sheet, its image in the ground plane, and the image of the
source distribution.

The integral equation for F is obtained from Eq. (5) by ex-
pressing the induced angle of attack in terms of the unknown
vortex and given source distributions as noted above. This
equation is then solved using the method of Glauert (see Ref.
5) as follows. Let

(6)

Substitution of Eq. (6) into the integral equation for F yields
an equation for the An (note that G and a/e represent the
contribution to a, from the images of the trailing vortex
sheet and the wing source distribution, respectively).
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Equation (7) is solved by collocation using values of G and
aie obtained by numerical integration. Once the An are deter-
mined, the wing lift coefficient can be obtained in the form

CL = CLL, Li (10)

Results and Discussion
The lifting-surface2 and vortex-lattice3 solutions are given

for rectangular wings with A = 19 2, and 4 and agree well
with each other and experiments. For comparison purposes,
a vortex-lattice method was developed. For A = 4, these
vortex-lattice results agree well with those in Refs. 2 and 3
and will be used in the figures. To handle the problem with
thickness, the down wash at the control points included the
contribution from the distributed source images obtained by
numerical integration.

The slope of the wing lift coefficient vs angle-of-attack
curve CLa is plotted vs (2h/b) in Figs. 1 and 2 for A =4 and
6, respectively. (C^)^ is the result for h-*oo. The lifting-
line results are seen to agree well with the vortex-lattice
results, with better agreement at the larger aspect ratio as ex-
pected. The lifting-line results can be extended to smaller
values of (2h/b) if the exact two-dimensional value of a0
determined by Havelock6 is used.
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Fig. 1 Lift curve slope for flat rectangular wing of aspect ratio 4.
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Fig. 2 Lift curve slope for flat rectangular wing of aspect ratio 6.

The slope of the wing lift coefficient vs thickness ratio
curve CLe is plotted vs (2h/b) in Fig. 3. The results of the
lifting-line and vortex-lattice calculations again are seen to
agree reasonably well, and thickness is seen to decrease the
lift.

As a final point of interest, the lifting-surface, vortex-
lattice, and lifting-line theories discussed here all assume a
linear relationship between lift and angle of attack. For the
two-dimensional, zero-thickness ground effect problem, an
expansion of the lift coefficient of Havelock6 in both c/h
and a, keeping terms to 0(a2), yields

For smaller values of h/c, it is seen that the presence of the
ground introduces a nonlinearity in a much stronger than in
the infinite fluid problem. It is therefore expected that the
wing in ground effect results of Refs. 2 and 3 and those
presented here are valid for a more restricted range of angle
of attack than is usually appropriate for these theories in the
absence of the gound plane.

Acknowledgment
The authors thank the Computer Science Center of the

University of Maryland for supplying computer time.

References
1 Wetmore, J. W. and Turner, L. I., "Determination of Ground

Effect from Tests of a Glider in Towed Flight," NACA Rept. 695,
1943.

2Saunders, G. H., "Aerodynamic Characteristics of Wings in
Ground Proximity," Canadian Aeronautics and Space Journal, June
1965, pp. 185-192.

3Kalman, T. P., Rodden, W. P., and Geising, J. P., "Application
of the Doublet-Lattice Method to Nonplanar Configurations in Sub-
sonic Flow," Journal of Aircraft, Vol. 8, June 1971, pp. 406-412.

4Plotkin, A. and Kennell, C. G., "Thickness-Induced Lift on a
Thin Airfoil in Ground Effect," AIAA Journal, Vol. 19, Nov. 1981,
pp. 1984-1986.

5Karamcheti, K., Principles of Ideal-Fluid Aerodynamics,
Krieger, Malabar, FL, 1980, Chap. 19.

6Havelock, T. H., "The Lift and Moment on a Flat Plate in a
Stream of Finite Width," Proceedings of the Royal Society of Lon-
don, Ser. A, Vol. 166, 1938, pp. 178-196.

Integration of Singular Functions
Associated with Lifting Surface Theory

Becker van Niekerk*
Stanford University, Stanford, California

--LIFTING LINE
—— VORTEX LATTICE

0 0.2 0.4 0.6 0.8 1.0 1.2

2h
b

Fig. 3 Slope of lift coefficient vs thickness ratio curve for flat rec-
tangular wings of aspect ratios 4 and 6.

Nomenclature
C,c = constants
E = error term in integration rules
F = function
ffg = arbitrary functions
H = quadrature weights
7 = integral
/' = index from 1 to n
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